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' solution of the equivalence problem is given in terms of these invariants. 
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\ Introduction 

In this article we consider a local equivalence problem for the class of linear second order 
parabolic equations 

Uxx = T(t, x) u t + X(t, x)u x + U (t, x) u (1) 

under a contact transformation pseudo-group. Two equations are said to be equi- 
valent if there exists a contact transformation mapping one equation to the other. 
Elie Cartan developed a general method for solving equivalence problems, U - 0- 
The method provides an effective means of computing complete systems of differential 
invariants and associated invariant differential operators. The necessary and sufficient 
condition for equivalence of two submanifolds under an action of a Lie pseudo-group 
is formulated in terms of the differential invariants. The invariants parameterize the 
classifying manifold associated with given submanifolds. Cartan's solution to the 
equivalence problem states that two submanifolds are (locally) equivalent if and only 
if their classifying manifolds (locally) overlap. The symmetry classification problem for 
classes of differential equations is closely related to the problem of local equivalence: 
symmetry groups and their Lie algebras of two equations are necessarily isomorphic if 
these equations are equivalent, while the converse statement is not true in general. The 
symmetry analysis of linear second order parabolic equations ((TJ) is done by Sophus Lie, 
Vol. 3, pp 492-523]. In [T4*l § 9], Ovsiannikov gives the finite defining equation for 
the equivalence pseudo-group and the symmetry classification in terms of a normal form 
u X x — Ut + H(t,x)u for equations ((TJ) . In [H], the Laplace type semi- invariant, i.e., the 
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function remaining unchanged under a transformation u = o~(t, x) u for every a(t, x), is 
found for the class (0). This function 

K = (2 T X X x - X 2 T x + 2 T x X x + 2 T 2 X t - 2 T X x x + 4 T U x - 4 T x )/(2 T 4 ) (2) 

is not invariant under the full symmetry group of equation (JIJ) . In ^U] , it is shown that 
equation (JTJ) is reducible to the heat equation m ix = u t under some contact transforma- 
tion if and only if A = 0, where 

A = (8 T 8 K xx + 20 T 7 T x K x + 12 T 7 T xx K + 288 T 2 T x T 2 X + 220 T 2 T x T xxx 

-64 T 3 T ra T xxa; - 40 T 3 T a + 4 T 4 7^ + 4 T 6 T to - 8 T 5 T txx + 405 

-810 T T 3 + 4 T 4 T x . T 2 + 4 T 5 T x . T 2 + 80 T 2 T t T 3 -4T 5 T t T tx - 80 T 3 T 2 T tx 

+ 28 T 4 T te T xx + 36 T 4 T txx + 8T 4 T t T xxx - 64 T 3 T t T B T.^/T 10 , (3) 

and K is defined by (J2J). 

In the present paper, we apply Cartan's equivalence method, P - |H], [T5j . 
in its form developed by Fels and Olver, j^l H], to find all differential invariants of 
symmetry groups for equations ((!} and to solve the local contact equivalence problem 
for equations from the class in terms of their coefficients. Examples of computing 
structure for symmetry pseudo-groups of partial differential equations via the method 
of |El E| are given in ^Hl- Unlike Lie's infinitesimal method, Cartan's approach allows 
us to find differential invariants and invariant differential operators without analysing 
over-determined systems of PDEs at all, and requires differentiation and linear algebra 
operations only. 

The paper is organized as follows. In Section 1, we begin with some notation, 
and use Cartan's equivalence method to find the invariant 1-forms and the structure 
equations for the pseudo-group of contact transformations on the bundle of second-order 
jets. In Section 2, we briefly describe the approach to computing symmetry groups of 
differential equations via the moving coframe method of Fels and Olver. In Section 3, 
the method is applied to the class of parabolic equations (0). Finally, we make some 
concluding remarks. 

1. Pseudo-group of contact transformations 

In this paper, all considerations are of local nature, and all mappings are real analytic. 
Suppose £ = M. n x R — > M. n is a trivial bundle with the local base coordinates (x 1 , ...,x n ) 
and the local fibre coordinate u; then by J 2 {£) denote the bundle of the second-order jets 
of sections of £, with the local coordinates (x\ u,pi,pij), i,j G {1, n}, i < j. For every 
local section (x\ f(x)) of £, the corresponding 2-jet (x\ f(x), df(x)/dx\ d 2 f{x)/dx l dx^) 
is denoted by j2{f)- A differential 1-form d on J 2 (£) is called a contact form, if it is 
annihilated by all 2-jet s of local sections: j2(/)*i? = 0. In the local coordinates every 
contact 1-form is a linear combination of the forms $0 = du — Pi dx\ i?j = dpi — p^ dx^ , 
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i,j G {1, ...,n}, pji = Pij (here and later we use the Einstein summation convention, so 
Pidx 1 = Y^i=\ Pidx\ etc.) A local diffeomorphism 

A : J 2 {£) -> J 2 (£), A : (x\u,p hPij ) h-> (x*,^^), ( 4 ) 

is called a contact transformation, if for every contact 1-form the form A*$ is also 
contact. To obtain a collection of invariant 1-forms for the pseudo-group of contact 
transformations on J 2 (£), we apply Cartan's method of equivalence, [5J E3- For 
this, take the coframe {$ ,$i,dx\dpij\i,j G {l,...,n},i < j} on J 2 (£). A contact 
transformation (j3J) acts on this coframe in the following manner: 

/ #o \ / \ 



dx 1 
V dPij 



S 



dx k 
V dp k i J 



where S is an analytic function on J 2 (£), taking values in the Lie group Q of non- 
degenerate block matrices of the form 

/ a d k \ 



9i 
? 



a k 

ik 







/ 







J 



~k 



and ZiAi. are defined 



In this matrix, k, I G {1, n}, r are defined for k < I, w^, tuiu .z^ 
for i <j, and qfj- are defined for i < j, k < I. 

Let us show that d k = 0. Indeed, the exterior (non-closed!) ideal 1 — spanj-^o, ^} 
has the derived ideal 51 = {uo G 1 \ duo G 1} = span{-#o}- Since A* 1 C 1 implies 
A* (51) C 5(A*T) C 51, we obtain A*tf = a$ - 

For convenience in the following computations, we denote by (Bj) the inverse 
matrix for (bj), so b\ B k = 5 k , by (Hj) denote the inverse matrix for (h\), so 
h\ H k = 5 k , define Q k !, v by Qyycfij 1 ' = 5 k 5^, and change the variables on Q such that 

1 jij fik ijj „i ~i n — 1 



9% = 9' a % F J = f H%, c = ca * - /'"flffc, sy = s y a 
with Cartan's method of equivalence, we take the lifted coframe 



f h 9k, s 



-i 



w%HJ?g T , 



z, 



I'jm 



B 



m „k 



7. FZ m r'm'kl 



In accordance 



/ ©o \ 

e 



s 



/ ^0 \ 

dx k 



/ a^ 



A7 



(5) 



V Sij 9 + w k j Q k + z ijk E k + q k \ dp kl ) 

on J 2 (£) x Q. Expressing du, dx k , dp k , and dp ki from © and substituting them to dQ , 
we have 



<i0 o = da A $0 + a rf^o = daa A Go + a rfx 1 A dpi = da a A ©o + a dx 1 A $ 
= $gAe + a5^r» fe A 9 m + aH™R ikl E w A m 



Qj a e r 



(6) 
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$o = da a' 1 + a Hf (c k + R m s kl ) m , - g m , B\ (E k - c k O - f kj 6,) 

— 9m' R M (Sfe/ — Sjy 6 — Q m — Zklm ^ m )) 

and R jH = -r ik ' 1 ' B\Q k k l , v . 

The multipliers of E k A 6 m , T, k i A 6 m , and Qj A 9 m in © are essential torsion 
coefficients. We normalize them by setting aB k Hf = 8™, R lkl = 0, and f k i = p k . 
Therefore the first normalization is 

h k = aB k , r ikl = 0, = (7) 

Analyzing dOj, dE\ and c/S^- in the same way, we obtain the following normaliza- 
tions: 

q k - = aB k Bj, s y = s jU w k j = w^, z ijk = z jik = z ikj . (8) 
After these reductions the structure equations for the lifted coframe have the form 
dQ = $° A 9 + S* A e i} 

d&i = $° A 6 + ® k AQ k + E k A E ik , 

dE l = $° A E i ~¥ k AE k + ¥° A 6 + ¥ k A Q k , 

dZij = A — $o A E y + T9. A o + T*. A 6fc + A ijJfc A 

where the forms $q, \1/ 10 , ^l/ 1 - 7 , T°-, T^-, and A ijk are defined by the following 

equations: 

$o = ^ a' 1 -g k E k + (c k + f km g m ) B k , 

$° = dgi + g k db k Bj - ( gi g k + s ik + c? z ijk ) E k + c k 

+(9i c k + 9l g m f mk - c? w k + f mk s im ) Q k , 
d>* = 5 k da a" 1 - db k B{ + ( 9i 8 k - w% - f km z) m ) E j + f km S im + p m w% Q m , 
= dd + f ij $° + c k ¥ k + (d f mj 9m - c k f mj w kj ) - c k P E kj 

+c k (f im z km > + w% - g k 5) - g 3 5{) E j , 
^ = d p + (f k 51 + P k #J *™ + (d 5{ + f ij g k + P m P l z klm ) E k 

+P J (c k + f km g m ) Q k - f k P m S fem , 
T° = ds tJ - 8ij da a" 1 + s kj db k m Bf + s lk db k m Bf + Sij $° + w k 3 $° + z ijk V k0 , 
T* = dw k - w% da a- 1 + (w k Sf + w% bf') db l m B™, + ( % 5 k m + z lj{ f m ' k w l m ,J E m 

+W™ <b k m + f lk (w% 8f + 6f) S m , m - (c k + f mk g m ) Ey, 
Ajjfc = dzij k — 2 Zij k da a 1 + Zyj c?6 z m i?^ 1 + c?6^ i?™ - + zij k db l m Bf + Zyjt $q 
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+ z ijk 9m ^ + 9i ^jk + 9j Ejfc + 9k Sjj — E/fc — w\ k E/j — Wj k E/j 
,/ i^^imj Efc; "I - 2j m fc E^; -|- Zj m ] t Sj£.) 

Let 7i be the subgroup of defined by (JZJ) and (jEJ). We shall prove that the 
restriction of the lifted coframe (0) to J 2 {£) x7i satisfies Cartan's test of involutivity, [THl 
def 11.7]. The structure equations remain unchanged under the following transformation 
of the modified Maurer - Cartan forms $[], $f, ^ i0 , T°-, T*-, and A ijk : 

$0 + ^90, 

<l\ fe ^ + Lf ®i + Mf 6 , 
$o ^ $o + M k Qk + ^ 

^ + pii O + e fc - Vl E k , 
^io ^ + ptj + T i @o + K E i _ M i H fe ; 

T°- ^ T° + ^ 6 + V$ Q k + W ijk E k + K + M* E fci , 

Tj^Tj. + xjfe, + ^eo + yAH l + LiEy, 

Ayfc i— > Ayfc + ^ijfc/ 2' + Y^ k 6/ + H^jfe @o, 

where K, Lf, Mf, ty, i*', S 4 ^, T*, % Vg, W ijfc , y£„ and Z ijkl are arbitrary 
constants satisfying the following symmetry conditions : Vf = L lk , P % i = P Jl , 
gijk = gjik = S ik j} tj^ = Ujh yk = yk } W .. k = W .. k = Wikj) X H =X]\ = XV], 

Y iji = Y jli = Y iij> and z m = Zjiki = Zijik = Zikji. The number of such constants 

m n 2 (n + 1) 9 n(n + l) n(n + l)(n + 2) n(n + l) 
r W = i _j v / + n 2 _j_ _j v y ^ v j_\ / _j_ _| v / 

2 2 6 2 

( n 2 (n + 1) n (n + 1) (n + 2) ( n 2 (n + l) 2 ( n 2 (n + l)(n + 2) 



2 6 4 6 

n (n + 1) (n + 2) (n + 3) 1 . w w 9 
+ 24 = - (n + 1) (n + 2) (11 n 2 + 29 n + 12) 

is the degree of indeterminancy of the lifted coframe, [To"! def 11.2]. The reduced 
characters of this coframe, ^3 def 11.4], are easily found 

(n + l)(n + 4) 
s[ = K - 'j- >--i, i G {l,..,n + l}, 



(n + 1 - j)_{ri + 2 -j 
2 

A simple calculation shows that 



^n+l-fj ~ n ; 6 {!,..., „}. 



= si + 24 + 34 + ••• + (2n + 1) 4n+i- 



So the Cartan test is satisfied, and the lifted coframe is involutive. 
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It is easy to directly verify that a transformation A : J 2 {£) x 7i — > J 2 (£) x Ti 
satisfies the conditions 

A*e = e , A*e, = e i; A*h* = h i , A*e~ ;j = e^ (9) 

if and only if it is projectable on J 2 (£), and its projection A : J 2 (£) — > J 2 (£) is a contact 
transformation. 

Since Q imply A* dQ = d<d , A* d&i = dQ if A* dS = dE\ and A* dE„ = dEy, 
we have 

A* ($° A O + A ©,,) = (A*$J) A 6 + E l A 6, = $° A O + S j A Q h 

A* ($° A O + $* A fc + A E jfc ) = A* ($?) A 0o + A* ($*) A 0, + E k A E jfc 

= $° A 0o + A 0, + E k A E, fc , 
A* ($Jj A S* - % A + W° A ©o + A 6 fc ) 

= A* a s* - A* ($;) A S fc + A* A ©o + A* (W k ) A fc 

= $JAS'- ¥ k AE k + ¥° A ©o + * ifc A Q k , 
A* ($* A E fel -Ij A + T°- A ©o + T*. A Q k + A ijk A S*) 

= A* a s fcl - A* a s - + A* (T° ) a ©o + A* (T*) a e k 

+A* (A ijk ) AE k = T°. A ©o — $o A Eij + A E fci + T* A fc + A ijk A 
Therefore, 

A* =$o + K0o, 

A* = $* + £f ©; + Mf ©o, 

A* ($°) = $° + Mf © fc + iV,0o, 

A* = ¥ j + P ij ' ©o + S ijk Q k - L l l E k , (10) 

A* = + P ij Qj + T @o + K E i - M{ E k , 

A* (T°) = T° + f% ©o + V k Q k + W ijk E k + K E y + .I//" Ey, 

A* (Tj) = Tj + Xg ©* + ©o + Yiji E l + U S w , 

A* (AjjfcJ = Ajjjfc + Zy-fcj + kA a ©i + Wj^. ©o, 

with some functions if, Lf , Mf , iV*, P^', ^' fc , T\ 1^-, Vg, W^-*, Xg, F^, and % H on 
J 2 (S) x W. 



Contact Equivalence Problem for Linear Parabolic Equations 



7 



2. Contact symmetries of differential equations 

Suppose TZ is a second-order differential equation in one dependent and n independent 
variables. We consider TZ as a sub-bundle in J 2 {£). Let ContiTZ) be the group of contact 
symmetries for TZ. It consists of all the contact transformations on J 2 (£) mapping TZ 
to itself. The moving coframe method, [HI U\, is applicable to find invariant 1-forms 
characterizing Cont{TZ) is the same way, as the restriction of the lifted coframe (0) to 
J 2 {£) x Ti characterizes C ont(J 2 (£)) . We briefly outline this approach. 

Let i : TZ —>■ J 2 {£) be an embedding. The invariant 1-forms of ContilZ) are restric- 
tions of the coframe ©, ©, © to TZ: 9 = i*Q , 9 { = l*Q u C = i*E\ and a {j = t*Ey 
(for brevity we identify the map i x id : TZ x Ti -»• J 2 (£) x ft with t : ft -»• J 2 (£)). The 
forms ^o, 9i, £ l , and cry have some linear dependencies, i.e., there exists a non-trivial set 
of functions E°, E\ F h and G ij on ft x ft such that E° 9 + E i 0; + F { g + G# <r - = 0. 
These functions are lifted invariants of Cont(TZ). Setting them equal to some constants 
allows us to specify some parameters a, b*, cj, gi, f^, s^, wfj, and z^k of the group Ti 
as functions of the coordinates on TZ and the other group parameters. 

After these normalizations, some restrictions of the modified Maurer - Cartan forms 
0° = # = 6*$^, 0? = 6*$?, V ij = r° = v% = 6*T9., u* = t*Tj., 

and Xijk = t*^ijki or some their linear combinations, become semi-basic, i.e., they do 
not include the differentials of the parameters of Ti. From fllOL we have the following 
statements: (i) if 0q is semi-basic, then its coefficients at 9 k , and a k i are lifted 
invariants of Cont(ft); (ii) if 0° or (p\ are semi-basic, then their coefficients at £ fc and 
o~]~i are lifted invariants of Cont(TZ); (iii) if tp t0 , ip^ , or \j k are semi-basic, then their 
coefficients at o k \ are lifted invariants of Cont(TZ). Setting these invariants equal to 
some constants, we get specifications of some more parameters of Ti as functions of the 
coordinates on TZ and the other group parameters. 

More lifted invariants can appear as essential torsion coefficients in the reduced 
structure equations 

d9 = <f ) A9 + CA9 i 

d9 l = <f ) ° t A9 + ^ A9 k + e Aa tk 

dC = KAC-^^^ + ^ O ^0o + ^ k A9 k 

doij = <\)\ A a ki — 0o A o~ij + u?. A 9 + A 9 k + \ ijk A £ k . 

After normalizing these invariants and repeating the process, two outputs are possible. 
In the first case, the reduced lifted coframe appears to be involutive. Then this coframe is 
the desired set of defining forms for ContiTZ). In the second case, when the reduced lifted 
coframe does not satisfy Cartan's test, we should use the procedure of prolongation, 
ch 12]. 
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3. Structure and invariants of symmetry groups for linear parabolic 
equations 

We apply the method described in the previous section to the class of linear parabolic 
equations ((T}. Denote x l = t, x 2 = x, p± = u t , P2 = u x , pn = u u , P12 = Utx, 
and P22 = u xx . The coordinates on 1Z are {t,x,u,Ut,u x ,Utt,u tx }, and the embedding 

1 : 1Z — > J 2 (£) is defined by ((TJ). Computing the linear dependence conditions for the 
reduced forms #0, 9i, £\ and cr^ by means of MAPLE, we express the group parameters 
b\, z i22, -2222, ^22? w 22 , and S22 as functions of the coordinates on 71 and the other 
parameters of the group 7i. Particularly, since 

0-22 = -(bl) 2 (bi)- 2 o-n - 2b\{b 2 2 )- 1 a l2 (mod 9 , 9 X , 9 2 , £\ £ 2 ), 

and without loss of generality b\ 7^ 0, b\ 7^ 0, we take b\ = 0. After that, we have 

0"22 = (42 + a ( b 2 (T U tt + Xu tx + {U + T t ) U t + X t U x + U t u) 

-b\ (Tu tx + (TX + T x ) Ut + (X 2 + U + X x ) u x + (U X + X U) u)) {b\y l ^ 

+ (z 2 22 + a (Tu tx + (TX + T x )u t + (X 2 + U + X x )u x + (U x + XU)u) (b 2 2 ) 3 ) ? 
(mod 9 ,9 U 9 2 ). 
Then we take 

z\ 2 = -a (b\ (T u u + Xu tx + (U + T t ) u t + X t u x + U t u) 

-b\ (Tu tx + (TX + T x ) Ut + (X 2 + U + X x ) u x + (U X + X U) u)) {b\)-\b 2 2 Y\ 

4 = -a (Tu tx + (TX + T x ) Ut + (X 2 + U + X x ) u x + {U X + X U) u) (b 2 2 f . 

After that, setting the coefficients of cr 2 2 at 9\, 9 2 , and 9 equal to 0, we find w\ 2) w 22 , 
and S22 as the functions of the coordinates on 1Z and the other parameters of Ti. These 
expressions are too long to be written out in full here. 
Now the form (f)\ is semi-basic. We have 

<f>\ = / u a l2 + b\T (b 2 2 )- 2 i 2 (mod 6 , 6 U 9 2 , ^, a u ), 

therefore we take f 11 = 0, b\ = (bffiT" 1 . After that, setting the coefficient of <p\ at ^ l 
equal to 0, we find w\ 2 . 

Then the linear combination 2 <p 2 — (p\ — 0{j becomes semi-basic. Since 

2 <p 2 2 - <j>\ - 4 ee f 2 a 12 + (4 g 2 + (2 T 2 b\ + (2 T X - T x ) bf) (b 2 2 )- 2 T^) £ 2 

(mod 9 ,9 1 ,9 2 ,£, 1 ,o-ii), 

we take f 12 = 0, g 2 = - [2T 2 b\ + (2T X - T x ) b 2 ) /(4 (b 2 2 ) 2 T). Setting the coefficient 
of 2 (j>2 — <t>\ — (pQ at t; 1 equal to 0, we find w\ 2 . 

Since for the semi-basic linear combination 2 <p 2 — <ft 2 we have 2 <ft 2 — <ft 2 = (2 c 1 — 
f 22 )°~i2 (mod 6*o, #1, 62, £\ £ 2 , cu), the normalization c 1 = f 22 /2 is possible. Setting 
the coefficient of 2 0° — <j>\ at 6 1 an d £ 2 equal to 0, we find s i2 and <?i. 
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After that, we obtain the following reduced structure equations 
d6 = a x A 6 + f 1 A 6 1 + £ 2 A 2 , 

d9 2 = a x A 6 2 - \ a 2 A 2 + a 3 A O + f 1 A tr 12 + £ 2 A X + ± / 22 X A 2 , 

g^ 1 = « 2 A f 1 + « 4 A O + I / 22 £ 2 A 2 , 

where «i, «2, «3, and C14 are 1-forms on J 2 (£) x 7^ depending on differentials of the 
parameters of 7i. We normalize the essential torsion coefficient / 22 in these equations 
by setting / 22 = 0. Then, there are the following structure equations 

d6 = ax A O + f 1 A X + £ 2 A 2) 

d6x = ax A 6»i - a 2 A 6 X + 2 a 3 A 6 2 + a 4 A O + f 1 A a u + £ 2 A cti 2 - c 2 0i A 2 , 
dfl 2 = ai A 2 - \ a 2 A 2 + a 3 A O + f 1 A a 12 + £ 2 A 0i, 
c^ 1 = a 2 A f 1 

(the forms can change after the normalizations). The structure equations have the 
essential torsion coefficient c 2 , therefore we normalize c 2 = 0. After that, we set the 
coefficients of do~x 2 at 0o A £ 2 and 9 2 A £ 2 equal to and express w 2 x and sxx as functions 
of the coordinates on 1Z and the remaining parameters of 7i. The formulas for w\x and 
Sxx are too long to be written out in full here. Then we get 

do~xi = oix A an — 2 a 2 A un + 4 a 3 A 012 + 6 «4 A 9x + a 5 A £ 2 + a$ A £ x 

+/ 5 (o- 2 r 5 O A£ 2 , 

dri2 = oti A (7x2 - § "2 A cr 12 + 3 ct 3 A &x + 3 C14 A 8 2 + a 5 A + £ 2 A an , 

where I 5 = -± AT 5 , A is given by ({3*j). and all the essential torsion coefficients in the 
other structure equations are constants. 

There are two possibilities now: / = or / 7^ 0. By Vx we denote the subclass 
of all equations (0) such that 1^0. For an equation from Vx all the essential torsion 
coefficients in the reduced structure equations are constants, but the lifted coframe 0o, 
0i) 02, £\ £ 2 , Cii) and a l2 is not involutive yet. Therefore we use the procedure of 
prolongation, [THJ Ch 12], and obtain the structure equations 

d0 = ax A O + f 1 A 0i + £ 2 A 2 , 

d6x = ax A 0i - a 2 A 0i + 2 a 3 A 2 + a 4 A O + £ 2 A cr 12 + ^ A an , 
d6 2 = ax A 2 - \ a 2 A 2 + a 3 A O + f 1 A a 12 - B x A £ 2 , 
^ = «2 Af\ 

c?£ 2 = -2 a 3 A £ x + ± a 2 A £ 2 , 

dan = ai A an — 2 ct 2 A an + 4 a 3 A o~ 12 + 6 a 4 A 0i + a 5 A £ 2 + a 6 A £ 1 , 
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da 12 = «i A 0i2 - | «2 A a 12 + 3 a 3 A 9 X + 3 a 4 A 9 2 + a 5 A + £ 2 A an, 
<iai = —0:3 A £ 2 — a 4 A £ x , 
da 2 = 4 0:4 A £ , 

C?QJ3 = —0:4 A £ 2 — I 0:2 A «3, 

da4 = —0:2 A CK4, 

c?Q!5 = 7Ti A £ + ai A 0:5 — I «2 A «5 — 5 0:3 A an — 10 0:4 A 012 — «6 A £ 2 , 

c?Q!6 = 7Ti A £ 2 + 7r 2 A ^ + ai A a6 — 3 «2 A a6 + 6 0:3 A 0:5 — 15 «4 A an, 

where ai,...,a6, 7Ti, and 7r 2 are 1-forms on 1Z x 7i (they are too long to be written 
explicitly). From these structure equations, it follows that the only non-zero reduced 
character of the lifted coframe 6*0, 9±, 9 2 , £ 2 , an, «i, oc 2 , «6 is s[ = 2, while 
the degree of indeterminancy is r' 1 ' = 2. So the Cartan test is satisfied, and the lifted 
coframe is involutive. 

The same calculations show that the symmetry group of the linear heat equation 

u xx = u t (11) 

has the identical structure equations, but with the different lifted coframe. All the 
essential torsion coefficients in the structure equations are constants. Thus, applying 
Theorem 15.12 of ^Hj, we have 

Theorem 1. ([12], Theorem 3.2) The linear parabolic equation (QJ) is equivalent to the 
linear heat equation ill)) under a contact transformation if and only if it belongs to Vi, 
i.e., iff 1 = 0. 

Numerous examples of equations (0) reducible to the linear heat equation are given 
in HU, HS|. 

Now we return to the case 1^0. Then we can take b\ = I. Setting the essential 
torsion coefficient in the structure equation for d9 2 at 9 2 A £ 2 equal to and expressing 
w\n we get the following structure equations 

d9 = oti A 9 + f 1 A 9 X + i 2 A 9 2 , 

d9 1 = e*i A 9 1 + 2a 2 A 9 2 - \j x a 2 A 9 + Z 9 Q A f 1 - (b\ J lx - I J lt ) /(4/ 3 ) 9 Q A £ x 

-J 1 £ 2 A9 1 +£ 1 Aaii + £ 2 Aa 12 , 
d0 2 = a 1 A9 2 + a 2 A9 + £, 2 A9 1 -±J 1 t, 2 A9 2 + £ 1 A a 12 , 

de = -Jie^e, 

d£ 2 = —2 a 2 A £ 1 , 
where 

J 1 = {2TI X -IT X ) T- 1 !- 2 , 
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and Z is a function of T, X, U, I, J x , their derivatives w.r.t. t, x, and b\. Recall that 
the forms a x , a 2 are not necessary the same as in the previous structure equations. 

Consider the subclass Vi of all equations (JIJ) such that 1^0, J Xx ^ 0. This subclass 
is not empty, e.g., the equation u xx = u t + x 4 u belongs to V 2 . For an equation from 
V2, we normalize the coefficient in the structure equation for d9 x at #0 A by setting 
b\ = —I J\t J Xx . Then, after a prolongation, we obtain the following structure equations 

d0 o = ai A 6 + f 1 A X + £ 2 A 9 2 , 

d0 1 = on A 1 + J 3 o A e 1 - \Ji -h 0o A £ 2 + J X X A £ 2 + 7 4 # 2 A f 1 
+ J 2 ^2 A ( 2 + ^ A <t u + £ 2 A a 12 , 
= ai A 2 + § J 4 # A + § J 2 #o A i 2 + \ J x 2 A £ 2 + ? A a 12 - 0i A £ 2 , 
e^-Ji^Af 2 , 

de a = -j 2 ^Ae 2 , (12) 

do"n = «i A an + «2 A (' + a 3 A £ 2 , 

rfai 2 = a x A 0-12 + a 3 A - # A f 1 + f ( J 4 + Jj J 2 ) #1 A f 1 + | J 2 #1 A £ 2 
+3 J 3 #2 A e 1 - § Ji J 2 #2 A £ 2 + 2 Ji e 1 A (Jii + 2 J 2 e 1 A <r 12 + £ 2 A an 
-§ Ji£ 2 Aai 2 

dai = £ (2 J 4 + Ji J2K 1 A £ 2 , 

rfa 2 = 7ri A f 1 + vr 2 A £ 2 + a x A a 2 + Ji a 2 A £ 2 + J 2 a 3 A £ 2 - \ (2 J 4 + J X J 2 ) £ 2 A <7 U 

da 3 = 1x2 A f 1 + a x A a 3 - a 2 A £ 2 + | J x a 3 A £ 2 - (f J x - § J x 2 J 2 2 ) #0 A £ 2 

+ | (2 D 2 ( J 4 ) + 2 Ji D 2 ( J2) + 2 J 2 P 2 ( Ji) + 6 J 2 2 + 3 J 4 Ji + 3 Ji 2 J 2 + 4 J 3 

-2 V X {J 2 )) #1 A £ 2 + (3 P 2 ( J 3 ) - f Ji J 2 2 + 6 J 3 Ji - 1 + § JiPi( J 3 )) #2 A £ 2 

+ (| J 2 + 5 Ji 2 + 2 P 2 (Ji)) £ 2 A an + 2 (V 2 (J 2 ) -J x J 2 -2 J 4 ) £ 2 A a 12 , 

where ai, a 2 , a 3 , tt x , and 7r 2 are 1-forms on TZ x 7i. The functions J 2 , J 3 , and J 4 are 
defined as follows: 

J 2 = 1/2 (2T I J Xx J xtx — IT I t J Xx — 2T I J xt J Xxx + T I 2 J x J xt J Xx 
+IT X J xt J Xx ) J Xx 2 I 3 , 

J 3 = 1/32 (-135 1 2 T 4 j\ x - 32 T 6 1 2 j\ x + 16 J\ x T 3 1 2 T xx T t + 16 J\ x T 5 I 2 X tx 

+216 1 2 T 2 T T xx J\ x + 32 T 4 J 2 ^ J\ x + 16 T 3 J 2 X x T xx J 2 lx + 8 T 3 J 2 T xxxx J\ x 
-32 J 2 [/ T 3 T xx J 2 X - 36 T 2 1 2 T 2 X J 2 X - 16 T 4 1 2 T txx J 2 lx + 16 J\ x T 6 7 J tt 
+16 T 4 J 2 X 2 J 2 X . + 8 T 6 J Xx I 2 J u Ji - 40 J 2 T 2 T 2 X X J 2 X + 8 T 6 / 3 J u J lte J x 
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o t2 t->6 j t3 q t r3 T T Q T'S 7~3t-> t T T Q 7~2 y2fr t2 

—OJ lt l J\ x l —5Ji x l 1 J\ tt Jl — 0± 1 ±t -J\x J\t J \ — O 1 1 A J-xxJlx 

+8 J u TH^J x J Xx J 2 - 4 J 2 t T 6 / 4 J 2 + 16 I 2 T 4 X XX XJ 2 X + 40 T 3 I 2 T x T tx J 2 x 

+20 I 2 T 2 T 2 X 2 J 2 X - 8 T 4 I 2 X t T x J 2 x - 40 I 2 T 3 XX X T X J 2 X - 40 I 2 T 2 T 2 T t J 2 x 

-5QT 2 I 2 T XXX T X J 2 X - 16T 4 I 2 X XXX J 2 X + 16T 5 IT t J 2 J t + 40 I 2 T 3 X XX T X J 2 X 

+80 1 2 T 2 UT 2 J 2 X - 80 I 2 T 3 U X T X J 2 X ) T~ 4 J^ 2 r\ 

J 4 = 1/8 (-8 J lt T 6 / 3 - 32T 6 I 2 J lx - 135 1 2 T 4 J lx + lQT 5 IT t J lx I t 

-8 T 4 I 2 X t T x J lx + 20 1 2 T 2 T 2 X 2 J lx + 40 1 2 T 3 X xx T x J lx - 8 I 3 J Xx T 4 X xx J x 

— 80 I 2 T 3 U X T X J\ X — 16 T 4 I 2 X XXX J\ X — I 2 T 3 X X X T X J\ X — & T 3 I 2 X 2 T XX J± X 

+40 T 3 I 2 T x T tx J lx - 40 1 2 T 2 T 2 T t J lx + 16 I 2 T 4 X xx XJ lx + 16 T 4 I 2 X 2 J lx 

+80 1 2 T 2 UT 2 J lx - A0I 2 T 2 T 2 X x J lx - 56 T 2 I 2 T xxx T x J lx - 32T 4 J lx I e J 3 

+8 J 3 J\ x T 5 X t J\ + 216 1 2 T X T 2 T XX J\ x + ST 3 I 2 T XXXX J\ X + S I 3 J\ X T 4 XX X J\ 

-36T 2 I 2 T 2 x J lx + 16 J la: T 6 II tt + 16 J lx T 3 I 2 T xx T t - 8 J lx T 4 T tx I 3 1 J x 

-U 3 J Xx T x T 3 X 2 J x + \51 3 J Xx T 3 x TJ x +U 3 J lx T 3 T xxx J 1 - 18 J 3 J lx T 2 T x T xx J, 

— 16 J 3 J\ X T X UT 3 J\ + 16 T 3 I 2 X X T XX J\ X — lQT 4 I 2 T txx J\ x + 8 1 3 J\ x T x T 3 X x Ji 

-32 1 2 UT 3 T xx J lx + 16 l 3 J Xx T 4 U x J x + 32 T 4 I 2 U xx J lx + 8 J lx T x T 3 T t I 3 J, 

+ 16 J lx T 5 I 2 X tx ) j^T- 4 r 6 j^\ 

They are invariants of the symmetry pseudo-group for equation Q from "P 2 . The 
invariant differential operators are 

V 1 = ^ I = Tr 1 D t - J lt r 2 D x , V 2 = ^ = r 1 D x , (13) 

where .D f and .D^ are the operators of total differentiation w.r.t. t and x. These Pi and 
£> 2 are found without any integration. Indeed, they satisfy cfF = T>i(F) £*■ + T> 2 (F) £ 2 
for an arbitrary function F = _F(t, x). Since £ x = J 2 T _1 c?t and £ 2 = / Ji t J^r dt + I dx, 
we have (fT^j) . 

To construct all the other invariants of the pseudo-group, we apply T>\ and T> 2 to 
Ji in an arbitrary order: V j \ 1 'D 2 2 ....T^ 3 ' 1 !)^ 3 Jj. The commutator identity 

[V 1 ,V 2 } = J l V 1 + J 2 V 2 

allows us to permute the coframe derivatives, so we need only to deal with the derived 
invariants J ijk i = V\V >, 2 (Ji), i G {1, 4}, k > 0, and / > 0. For s > define the s th order 
classifying manifold associated with the coframe 6 = {9 , 6*i, 9 2 , £ 1 , £ 2 , cr u , a 12 , ai, a 2 , a 3 } 
and an open subset U C 1R 2 as 

&\e,U) = {(J lM (t,x)) \ i e k + l<s, (t,x)eU} (14) 
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Since all the functions J^i depend on two variables t and x, it follows that p s = 
dimC^(0, U) < 2 for all s > 0. Let r = min{s | p s = p s+1 = p s+2 = ...} be the 
order of the coframe 0. Since J\ x ^ 0, we have 1 < po < Pi < P2 < ••• < 2. In any case, 
r + 1 < 2. Hence from Theorem 15.12 of [T3| we see that two linear parabolic equations 
from the subclass V 2 are locally equivalent under a contact transformation if and 
only if their second order classifying manifolds ()14j) locally overlap. 

Remark A Lie pseudo-group is called structurally intransitive, [T2], if it is not 
isomorphic to any transitive Lie pseudo-group. In jlj, Cartan proved that a Lie pseudo- 
group is structurally intransitive whenever it has essential invariants. An invariant of a 
Lie pseudo-group with the structure equations 

is called essential, if it is a first integral of the systatic system A % ^ k u k . From the structure 
equations (fT2|) . it follows that the systatic system for the symmetry pseudo-group for 
an equation from V 2 is generated by the forms and £ 2 . First integrals of these forms 
are arbitrary functions of t and x. Therefore all the invariants Ji, J4, and all the 
derived invariants are essential. Thus the symmetry pseudo-group of equation from 
the subclass V 2 is structurally intransitive. 

Now we return to the case J\ x = 0. Then the structure equations have the form 
d6 = ai A O + £ A 6 X + £ 2 A 2 , 

d9 1 = ai A 6 l + 2 a 2 A 2 - \ J x a 2 A O - \ T 2 J" 4 J u (b\ - L ) 9 A f 1 

+\TJ lt r 2 O A £ 2 + Ji 0i A £ 2 + e A a n + £ 2 A a 12 , 
<f0 2 = ocx A 2 + a 2 A O - #i A £ 2 + \ J x 9 2 A £ 2 + ^ A <r 12 , 
c^-J^A^ 2 , 
d£ 2 = -2a 2 Af\ 

dan — Oil A cr n + 4 a 2 A ai 2 — 3 Ji a 2 A 0i + a 3 A £ + a 4 A £ 2 , 
da 12 = on A an + 3 « 2 A 0i - § Ji a 2 A 2 + a 4 A £ x - O A £ x 

- § T 2 J- 4 J u (6 2 - L ) 2 A - f T r 2 J u (2 0i A £ 4 - 9 2 A £ 2 ) + 2 J x f A a n 

+e 2 Affn - § Ji£ 2 Aai 2 , 
where 

L = -1 /16 (135 T a 4 / 2 + 16 J{T 3 I 3 T X U - 16 T 5 I 2 X tx + 16 T A I 2 X XXX - 16 J{T A I 3 U X 
-8 JiT 3 / 3 T x T t + A0T 2 I 2 T t T x 2 - 15 JiTI 3 T 3 - 4 J{F 3 I 3 T X X 2 - 20T 2 I 2 T X 2 X 2 
-80T 2 I 2 T X 2 U + 8 J{FH 3 X XX - 16T 4 I 2 XX XX + 32T 3 I 2 UT XX - 21QTI 2 T X 2 T XX 
+ 18 J{T 2 I 3 T X T XX + 8T 3 I 2 X 2 T XX - A0T 3 I 2 X xx T x - 1QT 4 I 2 X X 2 - lQT 3 I 2 T t T xx 
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+56 T 2 I 2 T XXX T X + 80 T 3 I 2 U X T X - 4 J{T 3 l 3 T xxx + 32 T 6 I t 2 + 36 T 2 I 2 T XX 2 

-8 J{TH 3 XX X - 8 J{T 3 I 3 T X X X + A0T 2 I 2 T x 2 X x - lQT 5 IT t I t + A0T 3 I 2 XX x T x 

-16T 3 I 2 X X T XX - 16T 6 // ti - 8 J{T b I 3 X t + %TH 2 X t T x - 32T A I 2 U XX 

+8 J{T A I 3 T tx - 40 T 3 I 2 T tx T x + 16 T 4 I 2 T txx - 8 T 3 I 2 T XXXX ) T~ 6 J" 2 J^ 1 . 

Consider the subclass P 3 of all equations (JTJ) such that 1^0, J\ x = 0, and J lt 7^ 0. 
This subclass is not empty, since the equation u xx = u t + Q{t)x~ 2 u with 7^ 

belongs to TV For an equation from V3, we normalize the coefficient in the structure 
equation for d6\ at #0 A by setting b\ = L . Then we prolong the structure equations 
and obtain 

d6 = ori A 6 + £ 2 A 6 2 + f 1 A ls 

ffl 1 = oc 1 /\0 1 -\J l L i 0* A? + \ (V 1 (J 1 )-J 1 L 1 )6 o Ae + Ji0iAe + L 1 6 2 Ae 

+£ 2 A (712 + £ x A a n + L 2 6 2 A £\ 
d9 2 = a 1 A6 2 + ±L 2 9 AZ 1 + lL 1 6 AZ 2 -9 1 AZ 2 + ±J 1 9 2 AZ 2 + Z 1 A a l2 , 

de = -L 1 eAe, 

dan = oi\ A an + a 2 A £ + a.z A £ 2 , 

rfdi 2 = ai A a 12 + a 3 A £ x - Q A £ x - | (Di(Ji) - J X L X - L 2 ) 6 1 A £ x 

+| L x 9t A e - § J X L 2 # 2 A e + f J x ) - JiLx) 2 A + 2 J x e 1 A a n 
+2 Lx f 1 A (7i 2 + i 2 A a u - § Jx £ 2 A <7 12 , 

dai = \ (2 L 2 - L>i(Ji) + J1L1) ^ A £ 2 , 

c/a 2 = 7Ti A + 7r 2 A £ 2 + cm A a 2 - Jia 2 A £ 2 + L x a 3 A £ 2 
-\ {2L 2 -V 1 {J 1 ) + J 1 L 1 )C 2 Aa n , 

da 3 = vr 2 A e 1 + «i A a 3 - «2 A e 2 + f ^1 « 3 A ^ 2 + (I V 1 (J 1 ) 2 - § V^JJJ^ 

+ | J!% 2 - § Ji) 6 A e - § (GV^VM)) -6V 2 (L 2 ) - 6 JxPaCLO + JiDi(Ji) 
-6 J,L 2 - J 2 L X - 2 U 2 + 6 2ML0) 0i A ( 2 + (| LxL^Jx) - f JiL x 2 - | J X 2 L 2 
-1 + § JiPi(L!) - § J x V 2 (L 2 ) - § V\{ Jx)) 2 A e 2 + (I Lx + 5 Jv 2 ) £ 2 A a n 
-2 (L 2 - 2Pi( JO + JiLx - P 2 (L!)) e 2 A <7 12 , 

where 

L 1 = TI- 3 (L 0x -I t ), 
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L 2 = -1/8 (8 I 2 T 3 T tx - 8 1 2 T X T 2 X X - 15 I 2 T 3 + 4 1 2 T X T 2 X 2 + 16 1 2 T X UT 2 - 8 T 4 I 2 X t 
-8 1 2 T x T 2 T t - 8 JT 5 L 0t + 18 TI 2 T X T XX - 8 L T A IT t - 4 L 2 Q T b IJi + 8 T%Li/ 3 
+ 16 T 5 / t L + 8 1 2 T 3 X XX - 8 I 2 T 3 XX X - 4 T 2 I 2 T XXX - 16 1 2 T 3 U X ) I~ 5 T~ 3 , 
and the invariant differential operators are defined by 

V 1 = -^ I = Tr 2 D t -T r 3 L D x , V 2 = A = /-i £> a . 

The commutator relation for invariant differentiations is 

[Pi,P 2 ] = JiV 1 + L 1 V 2 . 

The s* h order classifying manifold associated with the involutive coframe = 
{#o, Qii 02, C 1 ) £ 2 > ^li) °i2j «i) «2, «3} and an open subset (7 C R 2 is 

&\e,U) = {(P^(j x (t,a;)), DjZ^^fta;))) | z G {1, 2}, k + 1 < s, (t,x)eU) (15) 

Thus two linear parabolic equations (0) from the subclass V3 are locally equivalent 
under a contact transformation if and only if their second order classifying manifolds 
ffTHft locally overlap. 

Since all the invariants of the symmetry pseudo-group for an equation from V3 are 
first integrals of the systatic system £ , £ 2 , this pseudo-group is structurally intransitive. 

Now we return to the case J\ x = J\ t = 0. We denote J\ = N = const, then the 
structure equations have the form 

d6 = ori A 6 + f 1 A 0j + £ 2 A 2) 

= ai a 0i - I JV a 2 A 0o + 2 a 2 A 2 + Mi O A £ x + JV 0i A £ 2 + £ 1 A crn + £ 2 A cti 2 , 
rf0 2 = ai a 2 + a 2 A O - 0i A £ 2 + i N 2 A £ 2 + f 1 A a 12 , 

de=-Ne^e, 

d£ 2 = —2 a 2 A £ 1 , 

dan =«i A an — 3 a 2 A 0i + 4 a 2 A <ti 2 + a 3 A £ x + 04 A £ 2 , 

rfai 2 = a x A 0-12 + 3 a 2 A 6 1 - § iV a 2 A 2 + a 4 A f 1 - O A f 1 + 3 M x 2 A ^ 

+2 A^ 1 A a n + £ 2 A a n - § A^£ 2 A <Ti 2 , 
where 

Mi = 1 /32 (-40 1 2 T 3 XX X T X + 32 I^U^ - 32 T V + 16 JV J 3 T 4 f4 + 8 1 2 T 3 T XXXX 
+ 16 1 2 T A XX XX -8N I 3 T A X XX + 8N I 3 T A XX X + 8N I 3 T 5 X t + 16 1 2 T 5 X tx 
-8 JV J 3 T 4 T tx + 16 T 5 JT t / t + 80 1 2 T 2 T 2 U + 20 1 2 T 2 T 2 X 2 — 16N I 3 T 3 T X U 
+ 15 N I 3 TT X 3 - 56 1 2 T 2 T XXX T X + 216 1 2 TT 2 T XX + 40 1 2 T 3 X XX T X 
-18 N I 3 T 2 T X T XX + 16 1 2 T A X 2 + 40 1 2 T 3 T tx T x - 135 J 2 ^ 4 + 8 JV I 3 T 3 T X X X 
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-8 I 2 T 4 X t T x - 40 1 2 T 2 T X 2 X X - 80 I 2 T 3 U X T X - 8 1 2 T 3 X 2 T XX - 32 I 2 T 3 UT XX 

+ 16 I 2 T 3 X X T XX + 4N I 3 T 3 T XXX + 16 1 2 T 3 T t T xx + 8N I 3 T 3 T x T t - 40 1 2 T 2 T t T 2 

-4 N I 3 T 3 T X X 2 - 36 1 2 T 2 T XX 2 - 16 1 2 T A X XXX - 16 1 2 T 4 T txx + 16 JT%) J~ 6 T" 4 . 

All the essential torsion coefficients now are independent of the group parameters, but 

<fMi= ((|JVMi + l)6? + M lt ) T/- 2 ^ 1 - (f Mi N- l) £ 2 . 

By P4 we denote the subclass of all equations (JTJ) such that / 7^ 0, J\ = N = const, 
and 3N Mi 7^ —2. This subclass contains, e.g., the equation u xx — u t + (kx~ 2 + vx) u 
with k 7^ 0, v 7^ 0. For an equation from V 4 , we set 6 2 = -2 M u (3 iVMi + 2) -1 . After 
this normalization, we prolong the structure equations and obtain 

d6 = « 1 A« + ( 1 A« 1 +( 2 A 2) 

dfli = ai A 0! + (Afi - iVM 3 ) O A f 1 - \ NM 2 6 A £ 2 + N 9 1 A £ 2 + 4 M 3 2 A f 1 

+M 2 2 A £ 2 + £ x A an + £ 2 A <7i 2 , 
rf0 2 = ai A 2 + 2 M 3 O A e 1 + I M 2 O A - 0i A e 2 + I AT 2 A + e 1 A a 12 , 
^ X = -iV^Af, 

c?(7ii = «i A an + a 2 A £ + a 3 A £ 2 , 

do-i2 = «i A (7i2 + a 3 A - O A ^ + (6M 3 + § ATM 2 ) 0i A ^ + § M 2 0i A £ 2 
+3 (Mx-NM 3 ) 6 2 A ^ - ^ N M 2 6 2 A ^ + 2 N ^ A a n + 2 M 2 ^ A a 12 
H 2 A an - fiVe 2 A ai2, 

dai = (2M 3 + \NM 2 ) e A£ 2 , 

da 2 = TTi A f 1 + 7T 2 A £ 2 + ai A a 2 + iV«2 A £ 2 + M 2 a 3 A £ 2 - (2 M 3 + \ N M 2 ) £ 2 A a n , 
da 3 = ix 2 A f 1 + ai A a 3 - a 2 A £ 2 + § N a 3 A £ 2 + (§ N 2 M 2 2 - § iv) O A £ 2 
+(3 Mi - § Pi(M 2 ) + 6 ATM 3 + § iV 2 M 2 + § M 2 2 + | NV 2 {M 2 ) 
+6X? 2 (M 3 )) X A £ 2 + (6A^Mi - f NM 2 2 - 6iV 2 M 3 - 1 + 3V 2 (M 1 ) 
+ 3 i NV 1 (M 2 ) + 3NV 2 (M 3 )) 2 A£ 2 + (§M 2 + 5iV 2 ) ( 2 A an 
-(8M 3 + 2iVM2-2£>2(M 2 )) ^^2, 
where 

M 2 = T (M 0x - I t ) r 3 , M = -2 M it (3 iV Mi + 2)- 2 , 

M 3 = -1/32 (-8 IT 5 M ot - 8 T 4 M M 2 / 3 + 16 T 5 I t M - 4 M 2 T 5 IN - 16 1 2 T 3 U X 
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+8 I 2 T 3 X XX + 8 1 2 T 3 T tx - 4 T 2 I 2 T XXX + 16 1 2 T X UT 2 - 8 M T A IT t 
-8 1 2 T 3 XX X + 18 TI 2 T X T XX + 4 1 2 T X T 2 X 2 - 8 1 2 T x T 2 T t - 8 1 2 T X T 2 X X 
-15 J 2 T^ - 8 T 4 I 2 X t ) r 5 T~ 3 . 

The invariant differential operators 

v 1 = Tr 2 D t -TM r 3 D x , v 2 = r L D x , 

satisfy the commutator relation 

[Pi, Pa] = A^Px + M 2 P 2 . 

The s t/l order classifying manifold associated with the involutive coframe 6 = 
{6*0, #i, 2 , £\ £ 2 , en, <Ti2, a?i, a 2 , a 3 } and an open subset {7 C M 2 is 

C {s \0,U) = {(V*Tt 2 (Mi(t,x))) | i e {1,2,3}, k + l<s, (t,x)eU}. (16) 

So two linear parabolic equations (JTJ) from the subclass V4 are locally equivalent under a 
contact transformation if and only if their second order classifying manifolds (fTB*j) locally 
overlap. 

The systatic system for the symmetry pseudo-group of equation (JTJ from the 
subclass P4 is generated by £ x and £ 2 again, and, as all the differential invariants are 
essential, this pseudo-group is structurally intransitive. 

Finally, consider the subclass P5 of all equations (JIJ such that I 7^ 0, J\ = N = 
const, and Mi = —2/(3 N). For an equation from P 5 , after a prolongation, the structure 
equations have the form 

d6 = ai A O + f 1 A 0i + £ 2 A 2 , 

d0! = ai A 0i - f a 2 A O + 2 a 2 A 2 - 3^ 0o A ^ + N 0i A £ 2 + g A a n + £ 2 A a 12 , 
d6 2 = ai A 2 + a 2 A O - 0i A £ 2 + f 2 A £ 2 + ^ A a 12 , 
d^ 1 = —N^ 1 A £ 2 , 
d£ 2 = —2 a 2 A £ 1 , 

da - !! =«! A (Th — 3 N a 2 A 0i + 4 a 2 A a 12 + a 3 A £ + a 4 A £ 2 , 

d<7 12 = A 0i 2 - ^ a 2 A 2 + 3 a 2 A X + a 4 A f 1 - O A f 1 - f 2 A f 1 + 2 iV^ 1 A an 

I £-2 a 3iV f2 a _ 

A an 2~ £ A a i2 , 

(iai = y a 2 A £ — a 2 A £ 2 , 
rf« 2 = 7V« 2 A^ 2 - A^ 2 , 

cia 3 = 7Ti A ^ + 7r 2 A £ 2 + ai A a 3 + 6 a 2 A a 4 - 2 a 2 A O - ^ a 2 A 2 - a 2 A a n 
+7V a 3 A e 2 + 2 0i A e 2 + w ^ A CT i2> 
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da^ = 7r 2 A £ + «i A « 4 — 6 A^ 2 a 2 A ^1 - 5 o 2 A er n + 13 iV a 2 A cr 12 — a 3 A £ 2 

From these structure equations, it follows that the classifying manifold is a point, and 
that two equations from the subclass P5 are equivalent under a contact transformation 
iff they have the same value of the constant N. Repeating the calculations for the 
equation 

Uxx = u t + N x~ 2 u, (17) 

we see that its symmetry pseudo-group has the same structure equations whenever 
N = — 4/(3 N 5 ). Thus the linear parabolic equation is equivalent to an equation of 
the form (JT7jl under a contact transformation if and only if it belongs to the subclass 
V 5 . 

The results of the calculations are summarized in the following statement: 

Theorem 2 The class of linear parabolic equations (Qp is divided into the five subclasses 
V\, V2, V5 invariant under an action of the pseudo-group of contact transformations: 

V\ consists of all equations (QJ) such that 1 = 0; 

V2 consists of all equations such that 1^0 and J\ x 7^ 0; 

V3 consists of all equations (QJ) such that I 7^ 0, J\ x = 0, and Ju ^ 0; 

P4 consists of all equations (QJj such that I 7^ 0, J\ = N = const, and 3 Mi 7^ —2; 

V5 consists of all equations (QJ) such that I 7^ 0, J\ = N = const, and 3 iV Mi = —2. 

Every equation from the subclass V\ is equivalent to the linear heat equation Ml}) - 

Two equations from one of the subclasses V2, V3, or V4 are locally equivalent to 
each other if and only if the classifying manifolds \14\ l, / ti,5j) . or \ 16]) for these equations 
locally overlap. 

Every equation from the subclass V5 is locally equivalent to the equation \17\ ) 
whenever N = -4/(3 iV 5 ). 

Conclusion 

In this paper, the moving coframe method of jE] is applied to the local equivalence 
problem for the class of linear second-order parabolic equations in two independent 
variables under an action of the pseudo-group of contact transformations. The class is 
divided into the five invariant subclasses. We have found the structure equations and 
the complete sets of differential equations for all the subclasses. The solution of the 
equivalence problem is given in terms of the differential invariants. It is shown that 
the moving coframe method is applicable to structurally intransitive symmetry pseudo- 
groups. The moving coframe method allows us to find invariant 1-forms, structure 
equations, differential invariants, and operators of invariant differentiation for symmetry 
pseudo-groups of differential equations without analyzing over-determined systems of 
partial differential equation or using procedures of integration. 
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